EXISTENCE OF THE EHRESMANN CONNECTION ON A 
MANIFOLD FOLIATED BY THE LOCALLY FREE ACTION 
OF A COMMUTATIVE LIE GROUP 



PYOTR N. IVANSHIN 

Abstract. In this paper the author determines necessary and sufficient 
conditions for existence of the Eif hresmann connection on a manifold 
foliated by locally free action of the commutative Lie group. Also here we 
describe structure of Co{M)\l for a leaf L G M in case such a connection 
exists. Finally we give some results on structure of the spectrum of the 
family of Schrodinger operators related to the leaves of the foliation. 

Introduction 

In this paper the author considers some special structures on foliated 
manifolds 116) . The main problem with foliated manifolds is that they 
generally do not possess a good transversal set (analogue to the base of the 
fibre bundle [H]). Nevertheless one can find a set whose features are close to 
that of the base of the fibre bundle. For example we can consider a so-called 
Ehresmann connection on the foliated manifold |2J. It is not clear though 
when we have such a structure on the manifold. The aim of this paper is 
to find out the necessary and sufficient conditions on thefoliated manifold 
for the Ehresmann connection to exist. Note that here we consider only 
manifolds with the foliation given by the locally free action of the commu- 
tative group. Note also that once this Ehresmann connection exists one can 
reach some interesting results (e.g. [21^131 ED- The existence question is 
then important and is considered in the first part of the paper. Clearly the 
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existence of the total connected transversal on (M, F) is necessary for the 
existence of the Ehresmann connection. The open question is then if this 
condition is sufficient. We consider here mostly foliations of codimension 
1 though there are some notes on the general case. It is shown here that 
if the foliated manifold possess a compact connected transversal then we 
can construct an invariant Ehresmann connection on it. So in this situation 
existence of a total connected transversal is also a sufficient condition. In 
case the total connected transversal is not compact we also get some more 
or less satisfactory results on the possibility of existence of the Ehresmann 
connection. 

So let the foliation F on the manifold M be generated by a locally free 
action of a commutative Lie group H. Once we have an invariant Ehresmann 
connection on (M, F) we can prove that there exists an almost everywhere 
continuous bijection of our manifold to the product P x S where P is the 
transversal manifold and S C H is a fundamental set for a factor-group 
H' = H I Hi ( 7 1, Statement 1 and Corollary 1). Using this fact we arrive 
to the considerations in the rest of the paper. Namely, first we consider 
density of the intersection of the leaf L with the invariant transversal P 
and get a structure of the Cq(M)\l in general situation. The question on 
the structure of this algebra was inspired by the paper [3J, where the author 
considered the case of the compact group H. In the third section we consider 
a spectral problem for the set of operators parameterized by points on P 
with potentials — functions of Cq(M)\l. 



1. Existence of the Ehresmann connection. 

1.1. Construction of the Ehresmann connection invariant with re- 
spect to the group action. Let M be a manifold with the foliation F of 
codimension 1 generated by the locally free action of the commutative Lie 
group R n . Let codim(i ? ) = 1. Let us consider closed connected transversal 
P c M. 
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Condition (*). Assume the existence of a leaf L G F, which has more 
than one intersection point with the manifold P. Consider a continuous 
bijection p : R — > P. Suppose for any hi G H x = {h G H\hx G P} the 
existence of a differentiable mapping hi : R — ► such that hi(t x ) = e £ H, 
h(t)p(t) G P, here p(tr) = Note that locally — in a sufficiently small 
neighbourhood of the point x — this mapping always exists. Let M possess 
a riemannian metric g. Assume next that there exists an element a™ G 
for any pair of G iT^ such that g\L(t)(hi(t)p(t), hj(t)p(t)) = ciij, here 

does not deped on t. This means that we have such a translation of 
the set Lf]P along transversal P that is an isometry on L. Suppose this 
translation is not a turn. This again can always be done locally. Note that 
then hi(t) = hi(t x ) + bi(t), K G H x . 

Definition 1. Let us call transversal P invariant one ifhPf]P ^ implies 
hP = P. 

Statement 1. Let (M,F) be a manifold with foliation of codimension 1 
given by locally free action of the commutative group H. Let there exist a 
connected closed transversal P, which meets the condition (*). 

Then we can deform the action of the group H so that the orbits of the 
action of H (leaves of the foliation F) preserve but the transversal P becomes 
invariant with respect to the action of H. 

• Fix a point x G P. 

1) Condition (*) (existence of the set H x ) implies the existence of h\ = 
inf^ii H x = {h G H\hx G P}, where || • || is a standard Euclidean norm in 
R n . 

2) Let us consider next a map p : R — > M, p(R) = P, p(0) = x and 
set for any y G P r y(shi)(y) = h\(bi(t))~ 1 y. To clarify the construction 
one must consider two coordinate charts adapted to the foliations in the 
neighbourhoods of points x and h\x. Since h\ is a local diffeomorphism there 
exists e > such that for (x — e, x + e) C P we have h\ (x — e, x + e) f] P = 
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{h\x}. Also since codimension of F equals 1, there exists locally — in a 
neighbourhood of (x — e, x + e) — a continuous map ht : (x — e, x + e) — ► H. 
Condition (*) (existence of hi(t)) implies that the deformation can be defined 
for all P. Note that Vs G R \ Z sh\Pf) P = since otherwise h\ is not an 
inf H x . 

3) This deformed action is correctly defined. If there exists a point x G M 
h\x = x then by condition (*) (absence of turns) for any y £ L x h\y = y. 
This action is naturally continuous on P x [0, \\hi\\] x R n_1 with respect to 
the coordinate sh\ £ H. It is continuous in a neighbourhood of and since 
it can be continuously spread up to any point by condition (*) (existence of 
hi(t), hi £ H x ) it is continuous for any other t £ R. 

Let us apply this construction for all h £ H x . 

Note that each consequent application of the preceding construction the 
dimension of the nondeformed group action lessens by 1. So we must show 
that this algorithm can not be applied more than n times. Condition (*) (no 
turns) implies that we get a subgroup of the group of isometries R n — ► R" 
which does not contain rotations so it consists only of translations. Since P 
is a closed submanifold of M the generators set of the considered subgroup 
is not more than n 

One can prove the last fact otherwise: This subgroup of isometries con- 
sists of the maps Ax + b, A G 0(n), b S R™. Let there exist (A — J) _1 , 



then \\(A n + . . . + I)b\\ < \\(A - I)- l \\\\A n - 1 - < 2\\(A - I)~ l \\\\b\\ for 



any n G Z. This violates the condition (*) (the set of translations consists 
of isometries). Thus there exists at least one coordinate for each transfor- 
mation a.i(x) = A{X + b, with respect to which a% is operator of the type 



lation in this direction since otherwise in the neighbourhood of the point 
= lim bulk — b'rik either condition (*) — there are turns if the set -B«&2 is 



closed, or otherwise P is not closed. The construction of this group gives us 




Then there can be no more than one trans- 
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its commutativity. Let us prove now that it is generated by no more than n 
elements. Commutativity implies that for alH,j (Ai-I)bj = (Aj-I)bi. Let 

(l o \ 

Ai = , then for any j one has A~ u — 5ubu = 0, so there are no 

V Bi J 

more than n different Aj, consequently there are no more than n bj. Com- 
mutativity implies that Ai are diagonal matrices which together with the 
fact that the action of these isometries conserves orientation on any subset 
of W 1 (since the foliation is generated by the action of the orientable group 
W 1 ) gives us only the identity matrix for each Ai. Thus our group is a com- 
mutative finitely generated subgroup of Iso(W l ) without cyclic subgroup or 
the translation group. [> 

Note that the condition (*) (no turns) of the previous statement is neces- 
sary for the existence of the invariant Ehresmann connection if the set L f] P 
is finite and L = H. Otherwise we get the translation a along transversal 
that is not a shift so the action of the h which translates a point x of L f] P 
into the a(x) will produce infinitely many points L f] P C L which contra- 
dicts the assumption. 

Example 1. Let us consider the foliation on M = R 2 x S 1 as the natural 
fibre bundle with the standard leaf M 2 . Let us take the transversal P which 
overlap torus S 1 x S 1 naturally inserted into M, finite number of times but 
more than once (Seifert foliation). Since the condition (*) of the previous 
statement is not fulfilled (the desired pair is the pair of points lying on the 
intersection of the transversal P and M 2 ), P does not define Ehresmann 
connection invariant with respect to the action of the additive group M 2 . 

Note 1. Suppose that we do not want to deform the action of the group. 
Here we can define a sequence of transversals which may converge pointwise 
to the transversal which will define the Ehresmann connection. Let us take 
as in the beginning of the proof of the previous statement x G P, h\ 6 H x . 
Set Pi = hiP then consider P 2 = (hi + l/2h(t))P 1 where h(0) = h 12 (0), for 

iGP one has h^2(x)x G h\P and h(to) = e for P(to) = h\x, at the same 

5 



y 



time [0, l]hi2 f] P2 = 0. And so on. The sequence of transversals (P„) ne N 
converges pointwise to an invariant transversal if and only if the infinite 
sum Yl a i where a, = h i:i+ i(x) converges on any leaf of the foliation F. 

iSN 

Example 2. Consider the foliation on S 1 x 1 generated by the images of 
the lines , Z&: y = ax + b, (the constant a 7^ 0), b € M under the natural map 
IR 2 — > S 1 x R, 1 ^ ([x],y). Let P be the transversal which is defined 

in the coordinate chart U = R x (-1/2,1/2), x G R, y G (-1/2,1/2) as 
follows: 

f x < 0; 

x xG (0,1/4]; 

-a; +1/2 ie (1/4, 1/2]; 
x>l/2 

If we take this transversal as the first member of the sequence described i the 
previous not then there exists the limit transversal of this sequence which is 
given by the constant equality y = 0. 

1.2. Properties of invariant transversals. Let us consider the connected 
transversal P C M of the foliation F on M generated by the locally free 
action of the commutative group H . Let u denote the isotropy group of the 
set P by Hp = {h G H\\/x eP,hxe P}. 

Lemma 1. There is no path that lies in Hp and connects x and y for any 
pair x, y G Hp, x 7^ y. 

• Assume the contrary. Let there exists a path 7 : [0, 1] — > H, j[0, 1] G H. 
Then for arbitrary point x G P, (7[0, l])x C P. Thus P is not a transversal. 
This contradiction implies the result. > 

Statement 2. If P is an invariant transversal then for any point x G M 
the isotropy group H x C Hp. 

• Again assume the contrary. Then in a neighbourhood U(x) of the point 
x G P which does not meet the condition of the statement for any h x G I x 
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h x U(x) G" P, but at the same time h x U (x)f]P^ 0. So P does not define a 
connection. > 

Let P be an invariant transversal on the foliated manifold (M, F) . Con- 
sider the distribution of TM tangent to the manifold P. Let us transfer 
this distribution with the help of the action of H to the whole manifold M. 
The final distribution is smooth one since P is a smooth submanifold of M 
and the action of H is also smooth. Let us define the Ehresmann connec- 
tion on (M,F) as follows: we set U(t,t') = s(t)w(t') for the vertical curve 
v : [0, 1] -► L, here v(t) = s(t)v(0), s : [0, 1] -► H, s(0) = e, s(l)u(0) = u(l), 
and the horizontal curve w : [0, 1] — > M, u> = /w^o, here u>o G P. Thus we 
obtain the rectangle II, unique due to the commutativity of the group H. 

Consider then the set T of the invariant transversals on M with isotropy 
groups H y , 7 G T. Each transversal of T gives rise to an Ehresmann 
connection. Let 7,7' 6 T. We shall now define the map h : R — > 
h(t)^(t) = j'(t). Consider a leaf L C M and a pair of points x £ 7, x' G 7', 
x, x' G L. There exists h' £ H such that xh! = x'. Set /i : R — > M n as follows: 
Put h(0) = h! . Note then that in some neighbourhood of the curve Z[0, l]x 
/ : [0, 1] — > /(0) = e, /(l) = /i' one can define a horisontal translation of 
this curve along transversals 7 7'. It suffices now to show that this map can 
be extended to the complete transversals. There are several possibilities: 

1) The ends of the translated curve have limit points Xi,X2 on the both 
transversals. Let xi,X2 lie on the same leaf L. Then there either exists 
lim h(t) or not. In the first case set h(xi) := lim h(t) and extend the 
translation by the rule described above. Let now h(t) be unbounded as 
t — > x\. Since the transversal 7 is complete there exists x\ £ jf]L. Let 
us consider Sat(?7(x' 1 ). There exists t G U'{x\) such that 7(f) = h(t)x" for 
some x" G [7 (x^). Hence x\ = h{t)x\ which contradicts the assumption since 
in the neighbourhood of the singular leaf one can translate one transversal 
into another with the help of the continuous bounded map. Now let xi,X2 
lie on the different leaves. Then by completeness of the both transversals 
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there exists an interval intersecting both the leaf passing through the limit 
point which lies on the other transversal as well as all the leaves near it. So 
the transversals are not invariant. 

2) There are no limit points on both transversals. The construction is 
finished and the map h is correctly defined. 

3) The last possibility — there exists a limit point x only on one transver- 
sal. Consider Sat((x — e, x + e)). The point y G 7' f]L x since the second 
transversal is complete by assumption. Consider then Sat(y — e, y+e). Since 
there are no limit points on 7' this curve is infinitely close to the leaf L x 
thus intersecting any adjacent leaf on the one or the other side of the limit 
leaf L x . Now by considering a leaf from Sat(y — e,y + e), we arrive to the 
contradiction with the invariance of 7'. 

Note that for a fixed s G [0, 1], sh(t)j(t) G T. Fix a transversal 70 G T, 
then for each pair 7,7' G T one can define 7 + 7' G T. For a fixed point 
x G 70 there exist uniquely defined maps /i, /i' : R — > i?, 7(4) = h(t)jo(t), 
7 '(f) = /i / (t) 7o (t). Consider now (7 + 7')^) = + ti(t))~f (t). Isotropy 
group of the last transversal naturally coincides with H^Hy. Thus one can 
define addition of the two transversals along the path connecting it. 

The same operation can be defined for two Ehresmann connections gen- 
erated by two invariant transversals. So let V, V be two Ehresmann con- 
nections invariant with respect to the action of the group H. Fix a point 
xo G M. Now let us consider transversals P and P' horizontal with re- 
spect to V and V respectively. Let P and P' pass through the fixed point 
xq. Let us construct P" = P + P' along zero path 7QO, 1]) = xq. Thus 
there is a structure of the additive group on the set of invariant Ehresmann 
connections. 

Example 3. Let us consider different flows on the torus T 2 as the set of 
transversals. Let the leaves of the foliation be meridians. Consider the set 
of transversals generated by flows T D V = R, here the map V — > R is given 
by formula 7 1— ► a, (a, 1) being a vector of the flow 7. 
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Example 4. Consider the foliation on M = I 2 \ {0}, generated by circles 
with common center 0. Let us define an action of the group H = R on 
M as follows: R R : R x R 2 -> R 2 : = e ift /l x lx. Then there is no 

connection invariant with respect to the action of H, but one can deform 
given action of R as follows: R' h x = e lh x. Let us show by reductio ad 
absurdum that there is no invariant Ehresmann connection on M with the 
foliation generated by undeformed action of H. Assume the existence of 
such connection, then the tangent vector at a point x G R 2 to the horizontal 
transversal (which exists since the considered foliation is the foliation of 
codimension equal to 1) under the action of the element from isotropy group 
H x = Z of the leaf L x B x transforms to the collinear one. This is impossible 
since ±e lh / r = -^e ih l r / 0. 

Now let codimF > 1 and consider global connected transversal N C M. 
Let us then consider a set of curves <E> of N. Note that G $> the existence 
of h'cj) P| 4> 7^ implies as in the proof of the first statement the existence of 
the map h : R — > H, h(t)<p C N. Let h(i)<p G Let also the condition (*) 
be true for any curve of 3>. Thus either h'h{t)<p = <p or (/i'<^) f~^| is discreet. 
Consider the subset H^ o C defined for a curve 0o G We deform the 
action of H as in the proof of the first statement to get a connection on 
Sat(0o), invariant under the action of h G H^ Q . Let us then consider the set 
of curves 3>o = U ^10) where /ii = inf lim||||{i7l } and deform the action 

neZ 

of H on Sat($ )- 

1) Assume first that hid , y(x) G Th lx N for x = 7(0) G iV (this can always 
be done). Note that if there exists a neighbourhood of identity U(e) G H 
such that U(e) \ {e}N f]N = then dim M \ ¥0 = dim M. 

2) Now we find ourselves in the conditions of the third statement. 

3) If Sat(<l>o) = M then the algorithm of construction is finished, otherwise 
we must consider another curve 4>' G $ and continue the construction for it. 

1) implies that the dimension of the final distribution of TM equals p = 
dim N. 
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The construction algorithm implies that one can construct the invariant 
connection on M if there exists at least one connection on (M, F) in which 
any two leaves can be connected by horisontal line. Note that the invariant 
connection may not be integrable. 

1.3. Analysis of conditions of Statement 1. Now let transversal P be 
not a closed subset of M. Then if j(~)L is dense in L' C L, V = {xq}Hi, 
for Hi being a subgroup of H it is sometimes possible to get an invariant 
connection on M. Consider for 7(0) = xq, t\ = inf{t G [0, oo)|7(t) G L(0)}, 
then apply the algorithm to h = 7(ti)7(0) _1 . Note that in this case 7 
generates the distribution on TM. We can apply Statement 1 to H = R, 
P = L. Note that the translation / : L — > L of the leaf L along 7 defined 
with the help of the first intersection point of 7 f] L with respect to a fixed 
point xq G 7 P| L can be made an isometry since Vn G Z, f n (xo) ^ Xq. The 
same can be done in case the leaf intersecting 7 is dense or 7 f] L L = L and 
7 P| = 7. This means that we pass to the isometry group on L. Note that 
the results above hold true only under conditions (*) for each of considered 
maps. 

Now let 7 be not a closed subset of M and not everywhere dense. Consider 
xq G 7 \ 7. Let us try to deform action of the group according to the 
algorithm of the first statement for x n G 'jC\Bi(xq). Note that h\{n) — > 

n 

as n — > 00. Then a point 2 G w after the deformation of the group action 
becomes unaccessible from any other point of the leaf L. Thus 7 can not be 
an invariant transversal. 

Note 2. Let the transversal 7 be either not closed submanifold of Ad or violate 
condition (*) (not an isometry). Then the method described in the paper 
|12j gives us a compact connected transversal S on the foliated manifold M . 
Note that later on we shall try to avoid this method in order either to deform 
existing non- compact transversal or to get the compact one with some special 
properties. 
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If a; (7(0)) being the w-limit set of 7 is closed one-dimensional submanifold 
of M then we can consider it as new 7. 

Statement 3. Let there exist a riemannian metric on M . Suppose for 
u G F C TM, \\u\\ = 1, (v,u) < a < 1 for any v G TM, \\v\\ = 1, v being a 
tangent vector to 7. Then if for a fixed leaf L there exists an isolated limit 
point x G 7 \ j\l then 

1) There exists a limit set uj of the transversal 7 which is homeomorphic 
to S 1 . 

2) uj is a total transversal of the foliation F if there exists at least one 
compact leaf intersecting uj . 

• 1) Let us first introduce a parametrization on j(t) such that x^ = 
j(t+k). The set of functions f k with graphs 7| 7 Q a . fc ^0 is uniform continuous 
in the charts adapted to the foliation in a neighbourhood of x. Hence there 
locally exists a limit curve u){x) transversal to F. The curve uj is closed since 
otherwise x is not an isolated limit point. Sliding along j(t), t G [0, 1] by- 
compactness of this interval we get a limit set uj (maybe not unique) which 
is naturally homeomorphic to S 1 . The set uj is transversal to the leaves of 
the foliation F by construction. 

2) Compactness of uj implies the existence of leaves which lie in a neigh- 
bourhood of uj. Let us show that there are no other leaves. First consider 
T = inf{t G K|Vs > t G L, L s f| uj / 0}. Since Sat(w) is open 7 (T) G L, 
L(~]uj = 0. Then (T, +00) is covered by the infinite set of intervals of the 
type [a n , a n+ ±), n G Z, for which we have a n — > T as n — > —00 and a n — ► +00 
as n — > +00. Thus the topological structure of the arbitrary neighbourhood 
of the limit point j(T) is non-trivial which contradicts with the definition 
of the foliation.o 

Note 3. One can show compactness of the uj-limit set of the transversal P 

in case x is not an isolated limit point using the same methods as in the 
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proof of the closeness of uj(x). At the same time little can be said on the 
dimension of this limit set. 

Example 5. Assume that the foliation on torus T 2 = R 2 /Z 2 is given by 
parallels. Consider the integral curve of an irrational flow as the transversal 
P. Then for any point x G T 2 u(x) = T 2 . 

Let us now clarify the condition of the second part of the previous state- 
ment by the following examples: 

Example 6. Let a foliation on (—1, 1) x S 1 be given by gluing two Reeb 
foliations on (0, 1) xS 1 . Then there exists a complete transversal diffeomor- 
phic to R which converges to {-1/2} x S 1 and {1/2} x S 1 . But neither of the 
limit sets is total transversal since they do not intersect the leaf {0} xS 1 . 

Example 7. Consider Klein bottle as foliated manifold M. Define the 
foliation on it by meridians between two of which we put the Reeb foliation 
on (0,1) x S 1 . Again any limit set of any complete transversal does not 
intersect two boundary leaves. 

Note 4. Note that in case all the leaves passing through lo are homeomorphic 
to R each leaf intersects lo only at one point. Assume that each leaf of the 
foliation is noncompact. Then there exists a subgroup Hi o/R ra , homeomor- 
phic to R such that for any h £ H\ hoj f]u = 0. 

• The following statements are true due to the facts proved above together 
with the construction from the next statement. 

1) There exists a connection on Sat (a;) invariant with respect to the action 
of the group H. Sat (a;) is an open set since each point x of it possess an open 
neighbourhood of the type U {h){a\, 0:2), where x = ha for a £ (a±, 02) C lo, 
h G U(h) C H and U(h) being an open set. 

2) There exists a sequence (h n y) — > L x , n — ► 00 for any y G u, here L x is a 

leaf passing through the point x £ P, which is a limit point of the previous 
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statement and h n G {h G G w}. Thus \/h G # 3ra G N, Vm > n 

rppw = 0. 

Hence for all h G \ {e} huj f] uj = 0. > 

Note that the set Sat (Pi) f] P2 is always an open subset of P2 for any two 
transversals P\ and P2 on the manifold with foliation of codimension 1. 

Statement 4. Assume that condition (*) (no torns pari o/iij is violated but 
the set P is closed hence homeomorphic to the circle S 1 . Then the following 
statements hold true: 

1) The number of intersection points of the leaf L' with P between any 
fixed pair of the intersection points of the fixed leaf L with P with respect to 
the translation of the pair of points along transversal is constant. 

2) There exists a number N G N such that for any L G P the cardinality 
of the set Lf]P is not more than N if the translation along transversal does 
not contain shifts. 

3) Again if the translation along transversal does not contain shifts then 
there is no leaf intersecting P infinitely many times. 

• 1) It suffices to consider the construction of the first statement with 
the only possible difficulty, i.e. there may not exist h G H, hP = P, since 
otherwise there again may exist n G N, h n = e. Since the translation along 
transversal P is a continuous map the proposition holds true. 

2) The map generated by the map Xi — > Xj+i generated by translation 

along transversal can be lifted to the isometry U : H ~ W a < — ► M n ; besides 

since UH = H and U n = Id we have U G O n (W n ) (the set of orthogonal 

transformations of W 1 ). Let us consider the leaf L intersecting P minimal 

possible number of times (let us denote this number by n) then each other 

leaf by 1) must intersect P by the set of cardinality multiple of n. Since 

the transformation U preserves while sliding along leaves the cyclic group 

< U(L') > is a subgroup of < U(L) >. Thus on any leaf we get the action 

of the subgroup of the orthogonal translations and if we do not assume the 
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existence of the leaf that intersects P maximal finite number of times then 
P is not closed. This contradiction completes the proof. 

3) Let there exist a leaf L such that L f] P is infinite. Let us consider the 
set of orthogonal transformations U(L,P) on R n . Let this set be generated 
by the set of points Lf]P. Since U (n) is a compact set there exists a limit 
point for U(L,P), so again P is not closed. > 

Note 5. If P is compact then the condition (*) holds true. 

• The proposition is obvious if all the leaves are compact. Otherwise let 
us prove this fact for foliations of the dimension equal to 1 (the proof is 
similar in general case). Let condition (*) (no turns part) be satisfied. The 
same holds true in case there exists a curvature since the operators U(L) are 
unitary. Let the leaf L intersect P infinite number of times then the only 
obstruction while translating C L along P is as follows: x n+ i — ► C, 

x j+n oo as oo. But this contradicts the definition of the foliation 
since then the set (x n +j) rag N has a limit point on P and this limit point 
is infinitely close to its image under the translation by elements from the 
neighbourhood of C. Or we can point out the existence of N G Z such that 
x N+i = Xj . Note that there exists a correctly defined set h\ (t) , t G S 1 since 
the transversal is compact and this set is defined for a neighbourhood of any 
point of it. > 

Example 8. Let us describe the set L f] P C L and the set of its transfor- 
mations in some partial cases. 

1. If H = R 1 , then the transformations preserving discreet set of points 
and an orientation on R can be only shifts. 

2. If H = R 2 then the following cases of the set Lf]P are possible: 

a) L f] P is finite then the deformations which conserve it are the turns 
on the angle 2n/k, k G N. 

b) L P| P is countable then the deformations can be only turns by the 
angles: 7r/3 (R 2 by isosceles hexagons), 2tt/3 (triangles), tt/2 (squares), 

14 



7r (stripes), along with the shifts in subsequent directions. The invariant 
transversal then passes trough the centers of the given figures. Note that 
by construction of the translation along P the centers can not be points of 
Lf]P. 

Corollary 1. Let M be a manifold with the foliation F of codimension 1, 
generated by a locally free action of the commutative Lie group H . Assume 
that there exists a compact transversal on (M,F). Then there exists an 
invariant Ehresmann connection on (M,F). 

• It suffices to show the existence of the one-dimensional full transversal 
which meets the conditions of the previous statement. First note that the 
map U(Lm) ■ R n — > R n , for Lm being a leaf with the minimal number of 
intersection points with P, naturally has a fixed point which slides along P 
to the neighbouring leaf L. Since U(Lm) can be uniquely extended to the 
neighbourhood of the leaf Lm we get the result. > 

Condition (*) (isometry part) can be analyzed in the following way: if 
[x(t), x'(t)] — > oo, then the unique non-trivial situation which can not be 
improved with the help of the last method described below is x(t) — > xq, 
x'{t) — > x , where xo,x belong to different leaves. Then there naturally 
exists an element h G H such that the distance between shxo and shx Q 
infinitely increases as s 6 R. Let us consider now the two-dimensional 
foliation on the set sh'y, s£K. The only foliation such that the transversal 
7 can not be improved with the help of the method described below is a 
Reeb foliation. Thus the transversal P intersecting leaves between L and 
V is not compact or more precisely is the union (— oo, a] [j[b, +oo). Then 
there also is no closed transversal connecting xo with x' Q (otherwise on this 
transversal exists a point which is invariant under the action of sh for all 
s € R). Hence the manifold M splits into two saturated sets as follows: 
Sat([a, b]) (J Sat((— oo, a] \J[b, +oo)). Note that in the latter case we can 
consider one of the ends (— oo,a] or (b, +oo) as new transversal. Note also 
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that there can be no more than |7r 1 (M)| of such obstacles. This is true 
since there exists a loop which is a concatenation of the set [a + e, b — e] 
and an interval connecting point x\ = x(t±) = a + e with x\ = x'it^) = 
b — e. If this loop is contractible then there exists h : [a + e, b — e] — ► H 
h[a + e, b — e] [a + e, b — e] = pt, which is impossible. 

Now let us consider two constructions that help us to deform a transversal 
7 so that it satisfy condition (*) (isometry part). Assume that j(t) — > u C L, 
t — > oo and that there exists t' G R such that Vt > t' u(t) 7. Note that in 
this case 7((t', +00)) lies in the saturated neighbourhood of the leaf L. Let 
us construct 7' as follows: since there exists t 6 R such that 7(f) G the 
set i?7(t — e,t + e)f)uj^$ and there exist 5 > 0, h E H and i £ R such that 
7(t) G C^(o;). Note that for some i > ^ 7([*o,+oo) G Sat(7(i - £, i + e)). 
Let us construct 7' by gluing of the set 7 (—00, t) to the part of 7 converging 
to L from the proper side, i.e. with t" G R, 7(t") G Sat(7(t — e,t + e)), 
i" > t'. Thus we get a curve connecting L with itself. The only difficulty 
here is the possibility of self- intersection of the deformed transversal P 1 . But 
by Note 2 there then exists a transversal homeomorphic to S 1 . 

The second case. Let x G M be a limit point of the transversal 7. 
Also let there exist a coordinate chart such that for t n G R, t n — > 00, 
|d7(i n )/dt| — > 00, (n — > 00). Consider a number C G R + . Let us deform 7 as 
follows: consider a function (f> n : R — > ii", <^|(_oo,t„-e) = e i |^(*n)7(*n)| < Cj 
^l(t„,+oo) = 0(*n) m a neighbourhood of £ n . The curve 7' = 7 f| n then 

nGN 

does not have the same property as the curve 7 at the point x. Again there 
may appear new points on 7' with this property. 

2. Structure of C (M)\ l . 

Let (M, F) be a foliated manifold with the foliation generated by the 
locally free action of a commutative group H. Assume that H is a one- 
dimensional group. Assume also that (M, F) possess an invariant integrable 
Ehresmann connection. Let P be an invariant transversal. Let us consider 
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a continuous map F : P —* P generated by the action of a € Pp. Since 
Co(M) G Co x ([0, a]) it suffices to describe structure of Cq(P). Let us con- 
sider a sequence (d(f n (x), f n (y))) n eN for each pair of points x,y £ P. In 
case is an accumulation point of this sequence then there are two possi- 
bilities: 1) there exists a point z £ P and subsequence (d(f ni (x), z)) — > as 
n — > oo; 2) there is no accumulation point. The second case is not interest- 
ing since then it is possible to deform metric on P so that d(x ni , x nj ) > e for 
some £ > 0. In the first case then the restriction of any function g £ Cq{M) 
on the leaf L x possess a subsequence \g{a ni x) — g(z)\ — ► 0. Define a func- 
tion g z on M + = U [a ni ,a Ui+1 ] s a restriction of g on the set of intervals 
correspondent to the set of points a Ui x. The function g z behaves as in the 
third case of jS] where the component f\ is bounded but does not belong to 
Co(K). 

Now let us describe the structure of Cq(M)\l for arbitrary leaf L £ F. 
Fix e > 0. We shall consider a finite number of limit points z%, k = 
l,..n(e, K) for any leaf L on the compact subset of P. Then let us put 
into consideration the set of functions g Zi approximating the given function 
g £ Cq(M)\l with precision e on the compact subset K of P with respect 
to the supremum norm. The function g Zi is defined on the set of inter- 
vals [a nk ,a nk+1 ], here a n "x £ U s (zi), Vt £ [0,1] g Zt {a nk tax) = g(a nk tazi). 
Note that g Zi is a bounded function with discontinuities in the set of points 

U {a nk x} U{a™ fe+1 x}. Now as in the third case of we deform g Zi to 

ken 

g' z . £ C b (L x ), so that \\(g - g' z .)\ y [a ™ fcia n fc +i] || < e. Consider now 51 = 

kern 

n{e) f 

g — ^2 9 Z as new function and approximate it with precision e/2 on a 

8=1 

larger compact K' of P and so on. As the result we get the function 
g 1 £ Co(K + ). Thus we get a sequence of the finite sets of functions the 
behavior of which was described in [H] and which approximate the target 
function g with any precision on any compact subset of P. Hence we get 
an inclusion Cq{M)\l C C${L) + XgC([0, 1]). The last space is a space with 
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the norm defined by the algorithm of approximation. That is this norm is 
as follows: ||/|| = ll/ollo + EieN , max , {ll/illo}- 

fcjl<t<*j 2 

The only question that needs clarification is the question of independence 
of the approximating point set (zj) C P on the target function. To avoid 
this difficulty one must consider two functions fx , f% : M — ► M such that 
II /ill 2 + II/2 II 2 0- Let us then unite two sets of approximating points for 
these functions into one. Let us show now that it turns possible to find 
a function from the space constructed in the previous paragraph such 
that \\g — gi\\ < e for any function g £ Cq(M) and e > 0. Consider now 
g\ E Cq(M) such that \\g — g\\\ < e, gi\M\K = on a compact K C M. 
Then there exists C 6 M + , ||^|| < C. Hence for all x,y £ K \g(x) — g(y)\ < 
N\f{x) - f(y)\, for N = C/max{\\f[\\,\\fz\\} < 00. Thus there exists a 
function <?j of a desired space such that either 1 1 fli — & 1 1 < e or 1 1 g — g\ \ \ < 2e. 

Statement 5. 1) In the given decomposition of the algebra Cq(M)\l the first 
component (that is Cq(L)) vanishes if and only if L(~)P does not contain 
isolated points. 

2) The second part x^C([0, 1]) of the mentioned decomposition is finite if 
and only if the set of limit points of L |~| P C P is finite. 

• 1) (=>). Let there exist at least one isolated point xq £ Lf]P. Then 
for /, f(xo) 7^ one has (/ — fi)(xo) = f(xo), thus the sequence fi does not 
converge to / with respect to the sup norm. 

{<=)■ By assumption and construction of the approximation process Ve > 
OV/G C (M)\ L 3fi Vx G supp/, (((/< - f)(x) < e)). 

2) (=^). The algorithm finishes on the i-th step, hence d{xj,Xk) > ^. 
Since by construction (xj) is compact it is finite. 

(<=)■ Evident (cf. the third case of > 

Note here that the first case of (Hj can be described as the set consisting 
only of the first component. The second case then shows a possibility to 
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find set which does not contain the first component of the decomposition. 
The third case is then the case in which both components are present. 

Let us consider a set P' C P such that for some atlas there exists C > 
||/ n || < C, n G N. Then we can slightly deform a tail of the decomposition 
given above. It seems natural that for some problems we shall need only 
those parts of the decomposition whose Chesaro mean n'/n is the maximal. 
In certain cases we can prove the 

Note 6. Consider two sets Si, S2 of points which define the second part of the 
decomposition. Define for each i G (ni) (rij, j = 1,2 is the set consisting 
of the intersection points of N with Si ) aj which equals number of points 
from (722) that lie between the i-th and the i + 1-st element from (ni). If 
o-i < K G N the the Hausdorff dimension di of the set SiP, defined as the 
limit /( rai ) p is not greater than that defined as the limit /( n2 ).P. 

• We must consider a covering (A{) of the set Si. In case there exists a 
set with the power non-equal to in the mean such that for any xi G Si 
there exists a number i(x\) > Z2 G (f t2 (xi) G S2 we can construct 

a covering of the second set by the first one. > 

This statement holds true also in general case since for any isolated point 
x G L f] P dim{x} = 0. 

Example 9. Consider a foliation on M 2 x [0, 1]/ ~, here the relation ~ is 
given as follows: (x, 0) ~ (e 2 *^, 1). Assume that Ehresmann connection is 
given by distribution tangent to M 2 x {pt}, pt G [0, 1]. Then the maximal set 
for any leaf not passing through Si = {x G M 2 ||x| = 1} is Si of dimension 
equal to 1, at the same time any other point of the intersection naturally is 
isolated so of dimension 0. Note that any leaf passing through points inside 
Si has another limit set — point {0} of dimension not less than that of any 
other point in the intersection of this leaf and P. 

Note also that the Chesaro convergence of ni/712 does not imply the 

previous statement. It suffices to consider the first sequence consisting of 
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(1/y/nn). Assume that the members of the second sequence equal to the 
members of the first one but their number is such that a n = y/n. 

Let us define a characteristic function for any point x which is one of the 
points generating the second part of the decomposition. This function is 
built as follows: Ve > consider the frequency of the intersection of the 
given leaf L and B e {x) v e (x) = lim N\/N, here Ni i number of the points 

N— >oo 

on the leaf from [0, N] which lie in B e (x). Consider limz/ e (x). Now the 

e— >0 

most important function for any e > is f e : N — > N, f e = Ni(n). By 
construction / £ (n) < kn, k G [0,1] and f e > f$ for 5 < e. Set fo(x,k) = 
sup{n(/c)|a n ( fc )xo — > x}, (xq G Lf]P is some fixed point). This mapping is 
similar to the return map of ^U], but is greater than equal to the inverse of 
it. 

Thus there either exists a function g(t), g ^ const g(0) = such that 
lim lim g(t)f £ (l/t) = 1 or lim fJl/t) = 0. Let us show that in the last case 
x is an isolated point. Let us consider f(x,n) generated by the sequence 
x n G Bi/ n (x) f] L. This function on infinity is less or equal than any f E (n) 
for any e > 0, at the same time by assumption x is not isolated, thus 
lim f(x, n) = oo. So the behavior of the singular point is uniquely described 

n— >oo 

by the behavior of the function g at zero and we can introduce an order on 
the set of these points x > y <-> lim g(x, t)/g(y, t) < oo. Consider now 
Xj = {x G P\f(x,t) = f(t)}. Naturally the closure of this set contains only 
points greater with respect to the relation given above. First mention that 
on the one hand \/U E (x') 3e > 0, x G U £ >(x'), (f £ '(x') > f £ {x)). On the other 
hand let x^ — > y a ni+k XQ — * Xk, then the sequence (xj), x 2 k, . . . x 2 k+i_ 1 G 
(a ni+k xo)i xj — > y as j —> oo and the growth at oo of (n, + k)j coincides 
with that of raj. 

The same function can be defined for the set So = {p G L f] P\ there exists 
an open neighbourhood U(p) of the point p such that U(p) f^\(L P] P) = {p}}- 
Fist not that the set So C M. n is at most countable one. Then fix an order 
on the set (p : N <-> L f| P. Note that ^ _1 (5o) C N. Now for a point s G So, 
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s = (f)(0) we put fo(s) = 0. Finally for <p 6Z we get 



/(0 x (s — 1)), otherwise. 



Now we point out that X\j = Pi ^-g<f * s closed and non-empty in 

f\x f & 

case P or one of the considered sets X g >f is compact. Thus we have proved 
the 

Statement 6. If P or one of the sets X g <f is compact then there exists a 
maximal element on the set of points with the order >. 

The statements of the following note are too evident to give the proofs 
but rather important to ignore. 

Note 7. 1) For any function f the set Xf is invariant with respect to Hp. 
2) ^min = L P| P. 



3) Lf]Pf] X max ^ implies X min = X max = Lf\P. 

Corollary 2. The function fo can either vanish or be equal to the trivial 
function f : N — * N, n. 

• To prove this consider a sequence of points (x n ) of L : f] P such that 
x n — > x £ Lf]P. Now, x Sq. Assume now that there also exists x' £ 
Lf^\P, x' € Sq. Then there must exist h E H such that x' = hx, but then 
since the action of the group H is continuous hx n — * x'. This contradiction 
with the first statement of the previous note proves the statement. > 

Example 10. Kronecker irrational flow on the torus T 2 . Consider the 

parallel P diffeomorphic to S 1 of the torus transversal to the leaves of the 

foliation. The set X m \ n = X max = P since the only nonempty closed subset 

of S 1 invariant with respect to the rotation rationally independent with 2ir 

is S 1 itself. Note that in case the set of points that return to the fixed one 

is the sequence defined by Fibonacci numbers (appendix C of JO]), then for 

any x £ P f (x, t) > log ^5+1 y/Et. 

2 
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Note that in case L f] P C P does not contain nontrivial sets invariant 
with respect to the action of Hp then X max = L f] P. The following example 
shows that the latter is possible also in other case. 

Example 11. Denjoit C 1 -vector field on the torus T 2 Again consider 
the irrational flow on torus T 2 as a foliation. Consider next the countable 
set of intervals {I m = [0, l m ];m G Z, l m > 0} such that 

1) £ k = I < +oo, 

2) lim l m /l m +i = 1- 

771— >0O 

Substitute then the point a m x G P by the interval I m , m G Z, where 
P = S 1 is the parallel transversal to the leaves of the foliation on the torus 
T 2 , a is the rotation of the transversal P on the angle rationally independent 
with 2vt, x G P being a fixed point. 

Let us introduce now the set of mappings f m : I m — > I m +i with the 
following properties: 

1) %>0; 

2) there exists a number 5 m > such that the derivative -4p equals 1 on 
intervals [0, 8 m ) and (l m - 5 m , l m ]; 

3) mm(l,l m /l m+1 ) - (1 - l m +i/l m ) 2 < %<■ < max(l,/ m+ i// m ) + (1 - 

^m+l/^m) • 

Let us add this map to the shift a : S 1 — > S . Thus we get a mapping 
/ : S 1 -» S 1 . 

Then the leaf passing through any point of I m , m G Z intersects P in 
closed nowhere dense set invariant with respect to the map /. Thus the set 
of intersection points of this leaf coincides with the X mSuX constructed above. 
Also any leaf which does not pass through J m , m G Z is dense on the set 
of similar leaves. Moreover the closure of the set Lf]P contains also points 
from d(I m ). In this case the maximal subset is a closure of Lf]P C P as 
in the preceding example. Note that this set contains the invariant with 
respect to the action of / closed subset consisting of (J dl m . 
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Since for any g the set X g is invariant with respect to the action of Hp 
we can consider the following condition: 

(*) The characteristic function f(x,t) does not depend on x £ P in some 
neighbourhood U(xq) of the fixed point xq € L p| P. The following statement 
is then evident. 

Statement 7. Condition (*) implies X max C dPf]L. 

3. Family of Shrodinger operators. 

Let us again consider a manifold M with the foliation F generated by 
the action of the abelian group H and integrable Ehresmann connection 
invariant with respect to the action of the group H. Let us put into con- 
sideration the operator TL = — V + V on L 2 (H x P), defined for any leaf 

dimH a2 

of the foliation F, here V G C (M) and V = J^, Xi i = 1, dim if 

i=i 1 

being coordinates on H. Thus TL defines a family of Shrodinger operators 
(Hp) p eH, Hp : L 2 (W n ) -► i 2 (M n ) for any leaf L, here n = dim if. So each 
Hp = —V + V p for V p G Co(M)|_L p . At the rest of the paper we assume that 
Vp depends upon p £ P analytically. The good illustration of the method 
gives the paper [S]. 

Statement 8. iei H = 8 . T/ien £/ie spectrum of the Shrodinger operator 
TL = —-^i + V depends on the transversal coordinate p £ P continuously. 

• Let [i be an if-invariant measure on the transversal P. Consider the 
decomposition of the set of the target spaces L 2 

L\H XP) = J L 2 (HW = j j H'^Ld^, 



P P [0,2-kY 



IS 



here H' ~ l 2 and the isomorphism i 2 (R" = H,d n x) <-> / H'-^4 

[0,27r) n 

the Floquet decomposition J7' : L 2 (M n = H,d n x) — >■ J H'-gL given as 

[0,27r) n 

follows: 

(U'f)e(x)= e- i9m f(x + J2miai), 

m&L n 
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ctj, i = l,n being the basis of the group H (not such of the group Hp). 
Then theorems XIII. 64 and XII. 11 from ^3] and Foubini theorem imply the 
statement. > 

Assume now that H is not a compact group and for any x E P the set 
Hp{x} is dense in P. Assume also that there exists a iip-invariant metric 
on P. Thus we deal with specific ergodic transformations on P. Then it 
can be shown that Cq{M)\l consists of limit almost-periodic functions with 
periods rational dependent with a £ Hp. 

Lemma 2. The spectrum of the Shrddinger operator 7i = — -4- + V with 
limit almost periodic potential V is a pointwise limit of a set of spectra of 
operators 7i n = — -4- + V n , here V n are limit almost-periodic functions such 
that V„ — ►Nil V, (n — > oo). 

" || 1 1 sup 7 V / 

• Consider e > and \\TC n — 1 1 < e. Let us also take into consideration 
spaces L„ )m = f (—1/2, l/2]l'dq, where V = ^({1, • • • ,rn}) and the operator 
U is again a Floquet decomposition. Then one have for the set of operators 
7i' n = H n \L nm - At the same time 7i n is a bounded operator for any n G N. 
Then Corollary 2 of [3] implies the statement for Ti. n , thus any point of the 
spectrum of H is close to some such point of TL n for sufficiently large number 
n e N. > 

Corollary 3. If there exists an Hp-invariant riemannian metric on P then 
spectrum of the family of Schrddinger operators continuously depend on p £ 
P. 

Note 8. Note that similar statements can be translated to the case of the 
complex-valued potential V : M — > C. This can be done using results of ^1] 
[Taj. 

Statement 9. Let transversal P ~ lR n and Vj; ^ H x = nL (n G N), 
Hq = Z. Then the following statements hold true: 
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1) Spectrum of the family of Hill operators with periodic real-valued po- 
tentials is homeomorphic to Lx § n_1 , here L is the union of graphs of func- 
tions /j : 1 -> E i £ N, fni+k( x ) = arctan(x), f ni = 0, k = 1, . . . ,n — 1, 
i E N. 

2) Assume that for any x E P and E E A x (A x is the spectrum of the 
operator H p at the point x E P) A' X (E) ^ 0. If V is a complex-valued 
function then arcs of the spectrum with the greatest period can interchange 
rotating over E P only in case operator Hq at the point possess closed 
analytic arc in the spectrum. 

• V is the real-valued function. There exists only one non-trivial case — 
P ~ M 2 , since the only alternative to the given case is the spiral line over 
{0} x R E P x M. Then the spectrum of each operator Hq is not purely 
discreet one which contradicts paragraph (a) of the Theorem XIII. 89 from 

p. 

Assume that the condition of the paragraph 2) holds true then passing 
to the limit p->0we obtain the arc in the spectrum of Hq analytic in each 
internal point Then by periodicity of the potential V the arc of the 

operator Hq, which by the last note splits into n arcs of the operators H x , 
x E -P\{0} is the connected set i.e. n—1 arcs of the spectrum of the operator 
H x for x ^ glue with each other. Thus invariance of these arcs under the 
rotation over — which at the same time gives rise to the transformation 
of the spaces L 2 (M) — the other arcs also glue. > 

Using the density functions of the second part of the paper one can find 
out which eigenvalues of the family of operators are more important. 
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